Abstract. We use the test function method developed by Mitidieri and Pohozaev to get a priori estimates and non-existence results for semi-linear "higher-order evolution inequalities" in unbounded cone-like domains. As a model we consider the problem in a cone K with the positive initial-boundary conditions
Introduction
This paper is devoted to the non-existence of global (non-trivial) solutions for some semi-linear evolution differential inequalities in unbounded cone-like domains. The Corresponding investigations for parabolic equations were initiated by Bandle and Levine [1] and Levine and Meier [28] , [29] (see also the references therein).
We formulate the main goal of our consideration as follows. There are many wellknown non-existence results in cone-like domains for parabolic equations. Some results can be obtained also for hyperbolic problems. What are the common properties of evolution equations that imply the non-existence of global solutions?
Having in mind this general goal, we shall not use the properties of the corresponding linear problems, and we shall not try to prove the sharpness of the results. Nevertheless, most of our critical exponents are sharp for parabolic inequalities and (partially) for hyperbolic problems.
The results were announced in [25] .
We start with some historical remarks. In this paper, we adapt the nonlinear capacity approach (in the form of "test function method") developed by Pohozaev [39] in the abstract form and by Mitidieri and Pohozaev [32] , [34] for quasi-linear elliptic equations and inequalities.
We want to draw the reader's attention to the fact that many authors use the test function method, and a number of non-existence results are obtained. We mention here the papers [32] , [34] by Mitidieri and Pohozaev, [21] by Kurta, [12] by Galakhov, [17] , [18] by Kartsatos and Kurta, [4] by Bidaut-Veron and Pohozaev, [7] by Caristi (elliptic inequalities), [47] by Zhang, [3] by Bandle, Levine and Zhang, [6] by Caristi, [10] by Egorov et al., [30] by Levine and Zhang, [40] , [41] by Pohozaev and Tesei, [35] by Mitidieri and Pohozaev, [14] by Guedda and Kirane (parabolic inequalities), [43] , [42] by Pohozaev and Veron, [36] by Mitidieri and Pohozaev, and [48] by Zhang (hyperbolic inequalities).
Finally, we refer the interested readers to the celebrated monograph [37] by Mitidieri and Pohozaev (see also the references therein), where this method is systematically applied to quasi-linear elliptic, parabolic, and hyperbolic partial differential inequalities and systems of such inequalities.
The number of publications on non-existence for evolution problems is so great that we cannot cite all of them. Concerning parabolic problems, we only mention the classical book [44] by Samarskii, Galaktionov, Kurdyumov and Mikhailov, the survey [27] by Levine and the more recent one [9] by Deng and Levine. The main results on hyperbolic problems can be found in the survey [16] by John and the papers [8] by Del Santo, Georgiev and Mitidieri and [43] by Pohozaev and Veron. This paper is organized as follows. Section 2 is devoted to stating our main results. In Section 3, we obtain some auxiliary estimates of "capacity-like" integrals. These estimates play a fundamental role in the test function method.
Section 4 contains the proof of Theorem 1 (the model problem). In Section 5, we consider inhomogeneous problems, and in Section 6, we investigate the dependence of the critical exponent on the initial data; we do not investigate the critical cases, so these results are not complete. In Sections 7 and 8, we prove the results of Section 2 among others.
Let S N −1 be the unit sphere in R N with N ≥ 3 and let (r, ω) be polar coordinates in R N . Let K ω be a domain of S N −1 with piecewise smooth boundary ∂K ω . We denote by K the cone
The lateral surface of the cone K is ∂K. The "cone-like domain" K R , where R > 0, is the set {x ∈ K : |x| > R} with full surface ∂K R .
Recall that the Laplace operator ∆ in polar coordinates (r, ω) has the form
where ∆ ω denotes the Laplace-Beltrami operator on the unit sphere
We shall use the first Helmholtz eigenvalue λ ω ≡ λ 1 (K ω ) > 0 and the corresponding eigenfunction Φ(ω) for the Dirichlet problem of
It is well known that Φ(ω) > 0 for ω ∈ K ω . We assume that Φ(ω) ≤ 1.
Let Ω be an unbounded domain in R N +1 with piecewise smooth boundary. We shall use the anisotropic Sobolev spaces W 2,k q (Ω) and the local spaces L q,loc (Ω), whose elements belong to L q (Ω ) for any compact subset Ω : Ω ⊂ Ω. Denote the space of continuous functions by C(Ω).
The expression ∂K ∂u ∂n dx denotes the integral of the directional derivative of u with respect to the outward normal n to the cone lateral surface ∂K. Indexed c's and C's are used to designate constants. In the estimates and inequalities, we shall denote various constants whose values will not be used by the same letter c.
Main results
In this section, we formulate some of the results of this paper and give some examples.
Let k ∈ N. Our model problem has the form
(2.1) Definition 1. Let u(x, t) ∈ C(K×[0, ∞)) and suppose the locally integrable traces
. . , k−1, as t = 0, are well-defined. The function u(x, t) is called a weak solution to (2.1) if, for any non-negative test function ϕ(x, t) ∈ W 2,k ∞ (K × (0, ∞)) with compact support such that ϕ| ∂K×(0,∞) = 0, the following inequality holds:
is not optimal. In fact, Definition 1 and Theorem 1 below can be generalized to solutions from L q,loc (K ×(0, ∞)) under rather restrictive initial-boundary conditions.
Let us introduce the parameters
here λ ω is the first eigenvalue of the problem (1.1) introduced above. It is evident that s * −s * = N −2. The idea to use these parameters goes back to Kondratiev [20] .
where s * is defined in (2.2). Then the problem (2.1) has no non-trivial global solution.
This theorem includes, among others, the following sharp results on the parabolic equation and inequality (i. e., k = 1), which were first obtained (for non-negative solutions) by Levine and Meier [28] , [29] .
where s * is defined in (2.2). Then the problem
has no non-trivial global solution in the sense of Definition 1.
The result of this theorem holds for classical solutions also. Results of this type were mentioned in the surveys [27] , [9] . Remark that we do not impose any additional constraints on the solution.
For our proof we use the test function method, so we quote some newest results on this topic. The semi-linear parabolic problems on manifolds using test function approach were first investigated by Zhang [47] . For the general non-existence results for parabolic problems in R N using the test function method we refer to the papers [40] , [41] by Pohozaev and Tesei. These authors investigated the general quasi-linear parabolic problems. Although the critical case is not discussed in [40] , the corresponding results may be found in the book [37] .
For k = 2 (the hyperbolic problem), we have the following theorem.
We do not know whether this result is sharp. But for hyperbolic problems in the whole R N , we can compare this critical exponent q * 2 with the classical result of Kato [19] in R N . Namely, putting s * = N − 2, we obtain Kato's exponent
but without any assumptions concerning the support of eventual solution. This result for the general hyperbolic inequalities was obtained, among others, in [8] , [13] (using Kato's technique) and [43] (with the test function approach). As shown in [43] , this exponent is sharp in the weak sense. It is interesting that, formally passing to the limit as k → ∞ in Theorem 1, we arrive at the sharp elliptic critical exponent (see, for example, [21] , [22] , [37] and the references therein)
Let us consider the system
Theorem 4. Let q 1 > 1, q 2 > 1, and
Then (2.5) has no non-trivial global solution.
In this theorem, the concept of solution is understood in the weak sense of Definition 1 (with some evident corrections; see, for example, [22] , [23] ).
For the parabolic system (k = 1)
Theorem 4 gives the well-known condition [27] , [9] max
Let us consider the inequality of porous medium type
) and suppose that the locally integrable traces
with compact support such that ϕ| ∂K×(0,∞) = 0, the following inequality holds:
where s * is defined in (2.2). Then the problem (2.6) has no non-trivial global solution in the sense of Definition 2.
In the "parabolic" case of k = 1, we obtain the following theorem.
has no non-trivial global solution in the sense of Definition 2.
Now we turn our attention to the singular problem in the cone-like domain K R with R > 0, which is
where −∞ < α < 2.
Note, that we deal with non-negative solutions.
with compact support such that ϕ| ∂K R ×(0,∞) = 0, the following inequality holds:
Let us introduce the parameters
, then the problem (2.7) has no non-trivial non-negative global solution.
In the parabolic case, we have the following theorem.
has no non-trivial non-negative global solution.
Auxiliary estimates
Using the equality ∆ ω Φ = −λ ω Φ, we obtain
The numbers s * and −s * are the roots of the expression
Introducing the function
with parameters p 0 > 1 and k ∈ N, we obtain the following estimate by direct calculation:
Making the change of variables y = t/ρ θ , where θ > 0, ρ > 2R, and t > 0, for the function η(t/ρ θ ) with
For the variable x with |x| = r, we introduce the functions η(r/ρ) and
For the derivatives of ψ ρ , we have:
ρ 2p , where the constant c does not depend on r and ρ.
Having in mind that
we get
Because η(|x|/ρ) ≡ 1 for |x| ≤ ρ, we have ψ ρ (x) = ξ(x) and ∆ψ ρ = ∆ξ ≥ 0. For the set x ∈ K − R ≡ {x : ∆ψ ρ < 0} ⊆ {K R ∩ {ρ < |x| < 2ρ}}, the inequality
holds. Moreover, our assumption ρ ≥ 2R implies
For σ ∈ R, we obtain the estimate {x : ∆ψρ<0}
We choose the general test function in the form
Obviously, {x,t : ∆ϕρ<0}
Using (3.2), we deduce the estimate
Putting θ = 2/k, we can see that the exponent in the first line of the last expression coincides with that in (3.5):
In the special case of R = 0 (for the problem in the whole cone K) and σ = 0, we have ∆ξ = 0 in K, and instead of the set {x : ∆ψ ρ < 0} we consider the set where ∆ψ ρ = 0, i. e., supp |∆ψ ρ |. As σ = 0, we then have s * + N − σ(p − 1) ≡ s * + N > 0, and from (3.5) and (3.6) with θ = 2/k, we finally get
Now, let us fix T > 0. In the domain K R × (T, ∞), we have the similar estimates
For θ = 2/k, the exponents in these estimates are equal (under the condition 1 − γ(p − 1) > 0):
Proof of Theorem 1
Let u(x, t) be a global non-trivial solution to (2.1). Applying Definition 1 to the test function ϕ(x, t) = ϕ ρ (x, t) defined by (3.4) with p = q > 1 and θ = 2/k and using the equalities
we obtain
As mentioned, ∂ϕρ ∂n | ∂K ≤ 0, so the first integral on the right-hand side is non-positive due to our assumption u| ∂K×(0,∞) ≥ 0.
As for the last integral in (4.1), applying the Hölder inequality, we find
Here J q is defined by (3.7).
Finally, using the definition (3.7) of J p with p = q , we arrive at the a priori estimate
Now, we pass to the limit as ρ → ∞. In the case of
the inequality (4.3) implies the global estimate
Then, applying the inequality ϕ ρ ≤ ξ and taking into account that the Lebesgue integral is absolutely continuos with respect to the Lebesgue measure, we see that
Combining this estimate with (4.2), we obtain
as ρ → ∞, and
that is, the solution u(x, t) must be trivial under the condition (4.4), which coincides with the condition of Theorem 1.
Inhomogeneous problems
Now, let us consider the inhomogeneous problem
We understand the weak solutions to this problem in the sense of Definition 1 with the extra term Proof. Following the proof of Theorem 1, we obtain the a priori estimate
with a ρ such that
If −2q + s * + N < 0, then inequality (5.2) cannot hold as ρ → ∞.
For the parabolic equation, this problem was posed and solved by Zhang in the papers [46] , [47] , where results of such type for the problem on manifolds were obtained even for the critical value of q. Unfortunately, this critical case is more delicate, and the proof is based on some comparison arguments. We do not know whether q = 1 + 2/s * belongs to the blow-up case for higher-order evolution inequalities.
A simple generalization gives the following theorem. For the evolution inequality
with time-dependent non-negative source term w(t), w(t) ∈ L 1,loc (R + ), we can get the a priori estimate
Passing to the limit as ρ → ∞, we obtain he following theorem.
Theorem 11. Let q > 1. Then (5.3) has no non-trivial global solution for any arbitrarily small w(t) ≥ 0, w(t) ≡ 0.
6. The dependence of the critical exponent on the initial data Let us formulate inequality (4.3) as a separate lemma.
Lemma 1. Let u(x, t) be a solution to (2.1). Then the following a priori estimate holds:
This lemma allows us to investigate the blow-up properties of solutions with respect to the growth of the initial data
Theorem 12. Let
, where γ ≥ 0 and c γ is a constant. If one of the following conditions holds: 
which leads to a contradiction as ρ → ∞ due to our assumption q < q c , which coincides with 2q
k − γ > 0 for all q > 1. So (6.1) leads to a contradiction again.
then the problem (2.1) has no non-trivial global solution.
Remark 2. In the paper [15] by Hamada, it is proved that the equation ∂u ∂t − ∆u = |x| σ u q has no global solution even in the critical case of γ = 2+σ q−1 . In our proof, it is evident only for sufficiently large c γ .
Evolution inequalities
Let R > 0 and −2 < σ < +∞. First of all, we shall study the evolution problem
Recall that we deal with non-negative solutions.
Theorem 13. Let σ > −2 and
where s * is defined in (2.2). Then (7.1) has no global non-negative non-trivial weak solution.
Proof. Let u(x, t) be a non-trivial weak solution to (7.1) (see Definition 3). Then, repeating the arguments from the proof of Theorem 1, we obtain
Due to inequality (3.5) (with p = q and θ = 2/k) the last term is less than cρ −q (σ+2)+s * +N +σ+2/k ; hence it is bounded as ρ → ∞ if
It is easy to see from (3.6) that, under condition (7.3), the first integral on the right-hand side of (7.2) is bounded also. Passing to the limit as ρ → ∞, we arrive at the a priori estimate
which implies the non-existence of non-trivial solution under the conditions of Theorem 13.
We consider only the so-called "subcritical degeneracy" σ > −2. In the critical and supercritical cases (σ ≤ −2), we have a complete blow-up in a bounded domain (the results are bue to Brezis and Cabré [5] ). Such type of degeneracy for higherorder evolution equations in a ball was investigated in the author's paper [23] . Now let T > 0, R > 0 and −k < γ ≤ 0. For the problem in K R × (T, ∞)
we state the following theorem.
Theorem 14. Let −k < γ ≤ 0 and
Then (7.4) has no non-trivial global solution.
Proof. The a priori estimate takes the form
By inequalities (3.10) and (3.9), the integrals on the right-hand side are less than cρ −2γ(q −1)/k−2q +s * +N +2/k , so we obtain the non-existence condition
which is equivalent to the condition of the theorem.
Proof of Theorem 5. Let u(x, t) be a non-trivial solution. Applying Definition 2 of weak solution to the test function ϕ ρ and using Hölder's inequality we obtain
Inequalities (3.5) (with p = q/(q − m), σ = 0) and (3.6) (with p = q , σ = 0) give
k(q−m) > 0. Then the exponents in these inequalities equal
Hence, from (7.6) and Young's inequality, we have
In the case of Q 0 ≤ 0, this implies the non-existence of global solution.
Using our technique, one can obtain the corresponding results for inhomogeneous and singular problems.
Proof of Theorem 7. Let u(x, t) be a non-trivial solution to (2.7) with 1 < q ≤ q * . We introduce the test function as in the problem (7.1), but instead of ξ defined by formula (3.1), we take
Then the functions ψ ρ (x) and ϕ ρ (x, t) take the form
The Laplace operator is replaced by the operator
For x ∈ K R , by direct computation gives
and ξ α | ∂K R = 0 and
The analogues of the estimates (3.5) and (3.6) for the operator A α take the form:
For θ = (2 − α)/k > 0, the exponents in the two estimates above coincide and equal
Furthermore, we argue as in the proof of Theorem 13. Applying Definition 3 of weak solution to the test function ϕ ρ , we obtain
This a priori estimate gives us the non-existence condition
.
From the equality s * α + N = s * α + 2 − α, we finally get the conclusion. Now, let us consider the problem with "damping"
(7.10)
The following theorem is valid.
Theorem 15. Let k > l ≥ 1 and 1 < q ≤ q * = 1 + 2 s * + 2/l , where s * is defined in (2.2). Then the problem (7.10) has no non-trivial global solution.
For k = 2 and l = 1, we arrive at the results obtained by Todorova and Yordanov [45] (on R N ) and Zhang [48] (on some noncompact manifolds), but without any assumptions concerning the support of eventual solution. Therefore, the following assertion holds.
Theorem 16. Let q 1 > 1, q 2 > 1, and
where γ 1 = q 1 + 1 q 1 q 2 − 1 , γ 2 = q 2 + 1 q 1 q 2 − 1 .
Then (8.5) has no non-trivial global solution for any arbitrarily small non-trivial w 1 (x) ≥ 0, w 2 (x) ≥ 0.
